Non-BPS Attractors in 5d and 6d Extended Supergravity by Andrianopoli, L. et al.
ar
X
iv
:0
70
9.
34
88
v1
  [
he
p-
th]
  2
1 S
ep
 20
07
CERN-PH-TH/164
UCLA/07/TEP/19
Non-BPS Attractors
in 5d and 6d Extended Supergravity
L.Andrianopoli♥♦♣, S.Ferrara♦♠♭, A.Marrani♥♠ and M.Trigiante♣
♥ Museo Storico della Fisica e
Centro Studi e Ricerche “Enrico Fermi”
Via Panisperna 89A, 00184 Roma, Italy
♦ Physics Department,Theory Unit, CERN,
CH 1211, Geneva 23, Switzerland
Laura.Andrianopoli@cern.ch, sergio.ferrara@cern.ch
♣ Dipartimento di Fisica, Politecnico di Torino,
Corso Duca degli Abruzzi 24, I-10129 Torino, Italy
and INFN - sezione di Torino, Italy
mario.trigiante@polito.it
♠ INFN - Laboratori Nazionali di Frascati,
Via Enrico Fermi 40,00044 Frascati, Italy
marrani@lnf.infn.it
♭ Department of Physics and Astronomy,
University of California, Los Angeles, CA USA
ferrara@physics.ucla.edu
Abstract
We connect the attractor equations of a certain class of N = 2, d = 5 supergrav-
ities with their (1, 0), d = 6 counterparts, by relating the moduli space of non-BPS
d = 5 black hole/black string attractors to the moduli space of extremal dyonic
black string d = 6 non-BPS attractors. For d = 5 real special symmetric spaces
and for N = 4, 6, 8 theories, we explicitly compute the flat directions of the black
object potential corresponding to vanishing eigenvalues of its Hessian matrix. In
the case N = 4, we study the relation to the (2, 0), d = 6 theory. We finally describe
the embedding of the N = 2, d = 5 magic models in N = 8, d = 5 supergravity as
well as the interconnection among the corresponding charge orbits.
1 Introduction
Recently the study of the attractor equations for extremal black holes (BHs) [1]–[5] in four
dimensions received special attention, especially in relation with new results on non-BPS,
non-supersymmetric solutions [6]–[48].
Not much is known about non-BPS attractors in five dimensions, although general
results for symmetric special geometries in BHs (and black strings) backgrounds were
derived in [49]. More recently, it has been shown [36] that real special symmetric spaces
have, in the non-BPS case, a moduli space of vacua, as it was the case for their d = 4
special Ka¨hler descendants [21]. In four dimensions, massless Hessian modes for generic
cubic geometries were shown to occur for the non-BPS case with non-vanishing central
charge in [10, 34]. Some additional insight on the correspondence among (the supersym-
metry preserving features of) extremal BH attractors in four and five dimensions have
been gained in [40], by relating the d = 4 and 5 BH potentials and the corresponding
attractor equations. In particular, it was shown that the moduli space of non-BPS at-
tractors in d = 5 real special symmetric geometries must be in the intersection of the
moduli spaces of non-BPS Z 6= 0 and non-BPS Z = 0 attractors in the corresponding
d = 4 special Ka¨hler homogeneous geometries.
Aim of the present investigation is to perform concrete computations of the massless
modes of the non-BPS d = 5 Hessian matrix, and further relate the d = 5 BH (or black
string) potential to the d = 6 dyonic extremal black string potential and its BPS and
non-BPS critical points, following the approach of [49] and [50]. This analysis reveals a
noteworthy feature of the relation between d = 5 and d = 6. Namely, the moduli space of
d = 6 non-BPS (with vanishing central charge1) dyonic string attractors is a submanifold
of the moduli space of d = 5 non-BPS attractors of symmetric real special geometries.
The only exception is provided by the cubic reducible sequence of real special geometries,
for which the non-BPS d = 6 and d = 5 moduli spaces actually coincide. It is worth
pointing out that moduli spaces also exist, for particular non-BPS-supporting charge
configurations, for all real special geometries with a d = 6 uplift [51]. This is the case
for the homogeneous non-symmetric real special geometries studied in [52]. For N = 2,
d = 5 magic supergravities, with the exception of the octonionic case, the non-BPS
moduli spaces can also be obtained as suitable truncations of the moduli space of BPS
sttractors of N = 8, d = 5 supergravity. In all cases, the Hessian matrix is semi-positive
definite.
It is worth pointing out that in this work we consider only extremal black p-extended
objects which are asymptotically flat, spherically symmetric and with an horizon geom-
etry AdSp+2 × Sd−p−2 [53]. Thus, we do not deal with, for instance, black rings and
rotating BHs in d = 5, which however also exhibit an attractor behaviour (see e.g. [54]).
The paper is organized as follows.
In Sect. 2 we recall some relevant facts about N = 2, d = 6 self-dual black string
attractors and the properties of the black string effective potential in terms of the moduli
space spanned by the tensor multiplets’ scalars. In Sect. 3 we discuss the d = 5 effective
potential in a six-dimensional language for the d = 5 models admitting a d = 6 uplift
(including all homogeneous real special geometries classified in [52]), in the absence (Sub-
1This means that non-BPS dyonic strings are neutral with respect to the central extension of the
(1, 0), d = 6 supersymmetry algebra.
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sect. 3.1) or presence (Subsect. 3.2) of d = 6 vector multiplets. In Subsubsect. 3.2.1 we
perform an analysis of the attractors in d = 5, N = 2 magic supergravities, and comment
on the moduli spaces of attractor solutions for such theories. Thence, in Subsects. 4.1,
4.2 and 4.3 we recall a similar analysis of the attractors respectively in d = 5, N = 8, 6
and 4 supegravities [49, 55, 56]. The analysis holds for all N = 2 symmetric spaces, as
well as for homogeneous spaces by considering particular charge configurations. In Sect.
5 we comment on the conditions to be satisfied in order to obtain an anomaly-free (1, 0),
d = 6 supergravity by uplifting N = 2, d = 5 theories. Sect. 6 is devoted to final remarks
and conclusions.
The Appendix discusses some group embeddings, relevant in order to elucidate the
relation between the N = 8, d = 5 BPS unique orbit and the non-BPS orbits of the
N = 2, d = 5 theories obtained as consistent truncations of N = 8 supergravity. Such
N = 2 theories include the magic supergravities based on the Jordan algebras JH3 , J
C
3 ,
JR3 with nH = 0, 1, 2 hypermultiplets, respectively.
2 (1, 0), d = 6 attractors for extremal dyonic strings
In d = 6, (1, 0) and (2, 0) chiral supergravities2 there are no BPS BH states, because the
central extension of the corresponding d = 6 superalgebras does not contain scalar central
charges [58]. However, there are BPS (dyonic) string configurations, as allowed from the
superalgebra, and extremal black string BPS attractors exist [50, 49]. Such attractors
preserve 4 supersymmetries, so they are the d = 6 analogue of d = 5 and d = 4 1
2
-BPS
extremal BH attractors. Interestingly enough, extremal black string non-BPS attractors
also exist in such d = 6 theories [49], as it is the case for (extremal BH attractors) in
d = 5 and d = 4. The next sections are partially devoted to such an issue.
Let us start by recalling the general structure of the minimal supergravity in d = 6,
the chiral (1, 0) theory. The field content of the minimal theory is:
• Gravitational multiplet:
(V aµ , ψAµ, B
+
µν) ; ; (µ = 0, 1, · · · , 5; A = 1, 2) ; (2.1)
• Tensor multiplets:
(B−µν , χ
A, φ)i ; (i = 1, · · · , q + 1) ; (2.2)
The scalar fields in the tensor multiplets sit in the coset space [59]
G
H
=
O(1, q + 1)
O(q + 1)
. (2.3)
They may be parametrized in terms of q + 2 fields XΛ, (Λ = 0, 1, · · · , q + 1),
contstrained by the relation
XΛXΣηΛΣ ≡ XΛXΛ = 1 , (2.4)
2In the literature they are sometimes referred to as (2, 0) and (4, 0) respectively [57].
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where ηΛΣ = diag[1,−1, · · · ,−1]. The kinetic matrix for the tensors is:
GΛΣ = 2XΛXΣ − ηΛΣ (2.5)
whose inverse matrix is:
GΛΣ = 2XΛXΣ − ηΛΣ . (2.6)
As for any d = 6 theory, the field strengths of the antisymmetric tensors HΛ = dBΛ
have definite self-duality properties:
GΛΣ
⋆HΣ = ηΛΣH
Σ ; (2.7)
As a consequence, there is no distinction between the associated electric and mag-
netic charges
eΛ = ηΛΣeΣ =
∫
S3
HΛ . (2.8)
• Vector multiplets:
(Aµ, λA)
α ; (α = 1, · · · , m) ; (2.9)
The kinetic matrix for the vector field strengths is given in terms of a given constant
matrix CΛαβ by [60]:
Nαβ = XΛCΛαβ . (2.10)
• Hypermultiplets:
(ζA, 4q)ℓ ; (ℓ = 1, · · · , p) . (2.11)
The hypermultiplets do not play any role in the attractor mechanism, and will not
be discussed further here.
Since the vector multiplets do not contain scalar fields, the only contribution to the
black string effective potential comes from the tensor multiplets, and reads [50]:
V (6) = GΛΣeΛeΣ = 2(X
ΛeΛ)
2 − eΛeΛ (2.12)
or equivalently, in terms of the dressed central and matter charges Z = (XΛeΛ) and
Zi = PiΛe
Λ (where PΛΣ, PΛΣXΣ = 0 is the projector orthogonal to the central charge):
V (6) = Z2 + ZiZ
i . (2.13)
The criticality conditions for the effective black string potential (2.13) reads
∂iV
(6) = 0⇔ ZZi = 0, ∀i, (2.14)
and therefore two different extrema are allowed, the BPS one for Zi = 0 ∀i, and a non-BPS
one for Z = 0, both yielding the following critical value of V (6):
V (6)|extr = |eΛeΛ| . (2.15)
3
3 N = 2, d = 5 attractors with a six dimensional in-
terpretation
In the absence of gauging, the minimal five dimensional theory generally admits the
following field content (omitting hypermultiplets):
• Gravitational multiplet:
(V aµ , ψAµ, Aµ) ; (µ = 0, 1, · · · , 4; A = 1, 2) ; (3.1)
• Vector multiplets:
(Aµ, χ
A, φ)a ; (a = 1, · · · , n) . (3.2)
The scalar fields do not necessarily belong to a coset manifold, but their σ-model is
described by real-special geometry. In particular, the scalar manifold is described by the
locus
V(L) = 1 (3.3)
where LI(φ), I = 0, 1, · · · , n are function of the scalars and V is the cubic polynomial:
V(L) = 1
3!
dIJKL
ILJLK , (3.4)
written in terms of an appropriate totally symmetric, constant matrix dIJK . Note that
in order to have a d = 6 uplift the real special geometry must have a certain structure,
as discussed in [62]. Namely
V = zXΛηΛΣXΣ +XΛCΛαβXαXβ. (3.5)
This is always the case for the homogeneous spaces discussed in [52], where CΛαβ is
written in terms of the γ-matrices of SO (q + 1) Clifford algebras.
The kinetic matrix for the vector field-strengths has the general form:
aIJ = −∂I∂J logV|V=1 . (3.6)
The BH effective potential in five dimensions is given by
V (5) = aIJqIqJ (3.7)
where qI =
∫
S3
∂L
∂F I
are the electric charges and aIJ the inverse of (3.6).
3.1 No d = 6 vector multiplets
We are interested in finding the relation of the six dimensional attractor behavior to
the five dimensional one. Let us first consider the simplest case of a six dimensional
supergravity theory only coupled to q+1 tensor multiplets (no vector multiplets). In this
case, n = q + 1 and the scalar content is given by the six dimensional scalars XΛ plus
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the Kaluza–Klein (KK) dilaton z. The five dimensional scalar fields are related by the
constraint (3.3), where the surface expression (3.4) takes here the simple form3:
V(L) = V(z,X) = 1
2
zXΛXΣηΛΣ . (3.1.1)
The constraint (3.3) then becomes:
1
2
XΛXΛ = z
−1 . (3.1.2)
The components of the kinetic matrix are in this case:
aIJ =

azz = z
−2
azΛ = 0
aΛΣ = z G˜ΛΣ
(3.1.3)
where the matrix G˜
G˜ΛΣ(X) = 2
XΛXΣ
XΓXΓ
− ηΛΣ (3.1.4)
is related to G in (2.5) by
G˜ΛΣ|XΛXΛ=1 = GΛΣ . (3.1.5)
More precisely, setting:
XˆΛ ≡ X
Λ
√
XΛXΛ
, (XˆΛXˆΛ = 1) (3.1.6)
we have:
G˜ΛΣ(X) = GΛΣ(Xˆ) . (3.1.7)
The matrix (3.1.3) is easily inverted giving:
aIJ =

azz = z2
azΛ = 0
aΛΣ = z−1 G˜ΛΣ
(3.1.8)
Then, in this case the BH effective potential takes the form:
V (5) = z2e2z + z
−1G˜ΛΣ(X)eΛeΣ = z
2e2z + z
−1V (6)(Xˆ) . (3.1.9)
where (ez, eΛ) ≡ qI denote the electric charges and, to obtain the last expression, we
made use of (3.1.7). The physical interpretation of the charges ez and eΛ is the following:
ez is the Kaluza-Klein charge and eΛ are the charges of dyonic strings wrapped around
S1.
The extrema of V (5) are found for:
∂V (5)
∂z
= 0⇒ 2ze2z −
1
2
z−2V (6)(Xˆ) = 0 (3.1.10)
3This corresponds to the d = 5 symmetric real spaces of the “ generic sequence” SO (1, 1)× SO(1,q+1)
SO(q+1)
[61].
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which is the stabilization equation for the KK dilaton, solved by:
z =
(
V (6)|extr
2e2z
) 1
3
(3.1.11)
and for:
∂V (5)
∂XˆΛ
= 0⇒ ∂V
(6)
∂XˆΛ
= 0 (3.1.12)
which shows that in this case the attractor solutions of the five dimensional theory are
precisely the same of the parent six dimensional theory.
The BH entropy is now given by [49]:
(
S
(5)
BH
)4/3
= V (5)|extr = 3
(
1
2
ezV
(6)|extr
) 2
3
= 3
(
1
2
eze
ΛeΛ
) 2
3
. (3.1.13)
The solution of Eqs. (3.1.12) depends on whether the d = 6 attractor is BPS or not.
As previously mentioned, the d = 6 BPS attractors correspond to Zi = 0 ∀i, whereas the
non-BPS ones are given by Z = 0 (and Zi 6= 0 for at least some i) [50, 49]. Thus, all
q + 1 d = 6 BPS moduli are fixed, while there are q non-BPS flat directions, spanning
the d = 6 non-BPS moduli space SO(1,q)
SO(q)
[49].
The supersymmetry-preserving features (BPS or non-BPS) of the d = 6 attractors
solutions depend on the sign of eΛeΛ: it is BPS for e
ΛeΛ > 0 and non-BPS for e
ΛeΛ < 0.
In this latter case, also the d = 5 solution is non-BPS, because in a given frame [51]
eze
ΛeΛ = eze+e− (with e± ≡ e1 ± e2), and if e+e− < 0 the three charges cannot have the
same sign [40]. On the other hand, if eΛeΛ > 0 one can have both BPS and non-BPS
d = 5 solutions [40].
Thus, we can conclude that for the “generic sequence” of d = 5 symmetric real special
spaces the non-BPS moduli space, predicted in [36], does indeed coincide with the above
mentioned d = 6 (tensor multiplets’) non-BPS moduli space, found in [49].
3.2 Inclusion of d = 6 vector multiplets
Let us now generalize the discussion to the case where s extra vector multiplets:
(Aµ, λ
A, Y )α , α = 1, · · · , s , (3.2.1)
corresponding to the dimensional reduction of six dimensional ones, are present [62]. The
reduction may be done preserving the SO(1, q+1) symmetry when the number s of d = 6
vector multiplets coincides with the dimension of the spinor representation of SO(1, q+1):
s = dim [spinSO(1, q + 1)] . (3.2.2)
This implies that the kinetic matrix of the d = 6 vector fields is positive definite and no
phase transitions, as discussed in [63, 62], occur in this class of models.
The extra scalars contribute to the general relations (3.6) and (3.7) via a modification
of the cubic form V into [52]:
V = 1
2
zXΛXΣηΛΣ +
1
2
XΛY
αY βΓΛαβ . (3.2.3)
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The total number of five dimensional scalars is then q + 2 + s. Of particular interest
are the four magic models which are associated with the simple Jordan algebras having
an irreducible norm form (displayed in Table 4 of [36]). In these cases q = 1, 2, 4, 8 and
s = 2q. Also the “ generic sequence” L(0, P ) can be viewed as a particular case of Eq.
(3.2.3) with q = 0 and s = P .
The d = 6 origin of the second term in Eq. (3.2.3) is the kinetic term of the d = 6
vector fields, which reads [60, 62] (Λ = 0, 1, ..., q + 1, α = 1, ..., s, CΛαβ = C
Λ
βα)
XΛC
Λ
αβF
α ∧ ∗F β . (3.2.4)
Thus, in the presence of d = 6 BH charges Qα, it originates an effective d = 6 BH
potential of the form
V
(6)
BH = XΛC
Λ
αβQ
αQβ. (3.2.5)
Such a potential has run-away extrema at d = 6 [57]. This can be seen for instance in
the case nT = 1 ⇔ q = 0, where Eq. (3.2.5) reduces to (α = 1, ..., P , X0 = coshφ,
X1 = sinhφ)
V
(6)
BH (φ) = coshφC
0
αβQ
αQβ + sinhφC1αβQ
αQβ = eφQαQα, (3.2.6)
(in the last step we used the fact that in the nT = 1 case we may set C
0
αβ = C
1
αβ = δαβ
without loss of generality). Consequently
∂V
(6)
BH (φ)
∂φ
= 0⇔ V (6)BH (φ) = 0⇔ φ = −∞. (3.2.7)
We then conclude that, besides BPS BH attractors, also non-BPS extremal BH attrac-
tors are excluded in (1, 0) supergravity in six dimensions. However, we can have a 0-
dimensional black object by an intersection of a d = 6 BH with a d = 6 black string. Its
reduction to d = 5 gives a BH which carries both the string charge and the BH charge,
with cubic invariant of the form [64]
I3 = eze
ΛeΛ + eΛC
Λ
αβQ
αQβ, (3.2.8)
and d = 5 resulting BH entropy S
(5)
BH ∼
√|I3|. Thus, even if the KK charge ez vanishes,
one gets a contribution from the second term of Eq. (3.2.8). This is in contrast with
the case of the d = 6 dyonic extremal black string treated in Subsect. 3.1, where the
non-vanishing of the KK charge ez was needed in order to get a non-vanishing entropy
for the corresponding d = 5 BH, obtained by wrapping the d = 6 string on S1.
The inclusion of extra multiplets corresponding to d = 6 vector multiplets induces a
significative complication in the model. In particular, the moduli space of the non-BPS
attractors drastically changes with respect to the case described in section 3.1. As we
shall prove below, in the magic models the number of moduli becomes equal to s = 2q
instead of q as it was in the absence of these extra multiplets.
Before entering into the detail of the magic models, let us argue the existence, at
least for the homogeneous spaces L(q, P ) (and, for q = 4m, L(q, P, P ′)) [52], of particular
non-BPS critical points where the same results of section 3.1 may still be directly applied.
Indeed, it turns out that for the four magic models the non-BPS attractor moduli spaces
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of dimension 2q always contain as a subspace precisely the coset SO(1,q)
SO(q)
(that is the moduli
space of d = 6 non-BPS attractors for q+1 strings, as discussed above). Such submanifold
of the moduli space may be obtained by considering the particular critical point where
Y α = 0. This critical point may always be reached because, as (3.2.3) and (3.6) show,
the Y coordinates always appear quadratically in the effective potential (3.7). Then,
for Y α = 0 the effective potential reduces to the one previously considered (Eq. (3.1.9)),
whose non-BPS attractor solution is known to have q flat directions belonging to the coset
SO(1,q)
SO(q)
. This is in fact only half the total number of flat directions for these solutions. It
may be understood because the non compact stabilizer of the non-BPS orbit (that is for
example F4(−20) ⊃ SO(1, 8) for q = 8 [65, 66]), mixes the X with Y variables, so that the
restriction {Y α} = 0 implies the reduction of the orbit to its subgroup SO(1, q). The same
considerations may be directly extended, for charge configurations where the spinorial
charges are set to zero, to the series of homogeneous non-symmetric spaces L(q, P ) (and,
for q = 4m, L(q, P, P ′)) [52], which always admit a non-BPS attractor point where all the
spinorial moduli are zero. As before, this condition selects the submanifold SO(1,q)
SO(q)
of the
non-BPS attractor moduli space, with the only difference that in this case the number q
is not directly related to the number of spinorial moduli.
3.2.1 N = 2 magic models
For N = 2 supergravity, one can apply the general relations of real special geometry
[61, 49], so that the efffective potential
V (φ, q) = aIJqIqJ (3.2.1.1)
takes a simpler form. Indeed, for N = 2 supergravity the vector kinetic matrix aIJ is
related to the metric gxy of the scalar manifold via
aIJ = hIhJ +
3
2
hI,xhJ,yg
xy (3.2.1.2)
aIJ = hIhJ + 3
2
hI,xh
J
,yg
xy or conversely
gxy =
3
2
hI,xhJ,ya
IJ . (3.2.1.3)
In terms of these quantities the central charge is
Z = qIh
I (3.2.1.4)
and we can write the potential as
V (q, φ) = Z2 +
3
2
gxy∂xZ∂yZ (3.2.1.5)
where ∂xZ = qIh
I
,x = P
a
xZa are the matter charges. The index x = 1, · · · , nV is a world
index labelling the scalar fields while a is the corresponding rigid index. P ax denotes the
scalar vielbein. The matter charges obey the differential relations:
∇Z = P a Za ;
∇Za = 2
3
gab P
bZ −
√
2
3
Tabc P
b gcdZd. (3.2.1.6)
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To make explicit computations of the attractor points of the potential and of the corre-
sponding Hessian matrix, let us use the property that both Tabc and gab, written in rigid
indices, are invariants of the group SO(q + 1), where q = 1, 2, 4, 8 for the magic models,
corresponding to the symmetric spaces L(q, 1). The H–representation R of the scalar
fields branch with respect to SO(q + 1) in the following way
R→ 1+ (q+ 1) +Rs , (3.2.1.7)
where Rs is the real Clifford module of SO(q + 1) of dimensions dim(Rs) = 2, 4, 8, 16
corresponding to the four values of q. The index a split into the indices 1, m, α, where
m = 1, . . . , q + 1 and α = 1, . . . , dim(Rs). Let us write the general form for Tabc and gab:
g11 = α ; gmn = β δmn ; gαβ = γ δαβ ;
T111 =
√
α
2
g11 ; T1mn = −
√
α
2
gmn ; T1αβ =
1
2
√
α
2
gαβ ;
Tnαβ = −1
2
γ
√
3
2
β Γnαβ , (3.2.1.8)
where Γn are the (symmetric, real) SO(q + 1) gamma matrices in the Rs representation.
The coefficients of Tabc are determined in terms of the coefficients of gab by the following
relation:
Ta(bcT
a
ef) =
1
2
g(bc gef) . (3.2.1.9)
The potential V can be written in the following useful form:
V = Z2 +
3
2
gab Za Zb = Z
2 +
3
2
(
Z1Z
1 + ZnZ
n + ZαZ
α
)
, (3.2.1.10)
where the following short-hand notation is used: Za ≡ gabZb. Let us now compute the
extrema of V . Using eqs. (3.2.1.6) we find
∇V = P 1
[
4Z Z1 −
√
3α
(
Z1Z
1 − ZnZn + 1
2
ZαZ
α
)]
+
+P n
(
4Z Zn + 2
√
3
α
Z1Zn +
3
2 γ
√
β Γnαβ Zα Zβ
)
+
+P α
(
4Z Zα − 3
2
√
3
α
Z1 Zα +
3√
β
Γnαβ Zn Zβ
)
. (3.2.1.11)
It is straightforward to see that the above expression has two zeroes corresponding to the
two attractors:
• BPS attractor: Zn = Zα = Z1 = 0 and the potential at the extremum reads
V0 = Z
2;
• non-BPS attractor: Zn = Zα = 0, Z = 14
√
3
α
Z1 and the potential at the
extremum reads V0 = 9Z
2.
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Let us now compute the Hessian matrix:
∇2V = (P 1)2
8α3
(Z − 2 1
4
√
3
α
Z1
)2
+ 8
(
1
4
√
3
α
Z1
)2+ 2 α
β
Z2n +
α
2γ
Z2α
+
+P 1P n
(
8Z1Zn + 16
√
α
3
Z Zn −
√
3αβ
γ
Γnαβ Zα Zβ
)
+
+P 1P α
(
11Z1Zα − 8
√
α
3
Z Zα +
√
3α
β
Γnαβ Zn Zβ
)
+
+P nPm
6Zn Zm +
8β
3
(
Z + 2
1
4
√
3
α
Z1
)2
+
3β
2γ
Z2α
 δmn
+
+P nP α
(
6Zn Zα + 8
√
β Γnαβ ZZα +
√
3β
α
Γnαβ ZβZ1 + 3 (Γm Γn)αβZm Zβ
)
+
+P αP β
8
3
γ
(
Z − 1
4
√
3
α
Z1
)2
δαβ +
3γ
2β
Z2n δαβ +
4γ√
β
Γnαβ ZZn−
− γ
√
3
αβ
ΓnαβZ1Zn +
3
2
Γnαδ Γnβγ ZδZγ +
9
2
ZαZβ
]
(3.2.1.12)
At the BPS critical point it is straightforward to check that:
∇2V = 8
3
Z2 gab P
a P b . (3.2.1.13)
As expected, the BPS critical point is a stable attractor. At the non-BPS attractor the
Hessian reads:
∇2V = 24Z2 [ g11(P 1)2 + gmn P nPm] . (3.2.1.14)
The moduli space is therefore spanned by the scalar fields in theRs representation. These
can be regarded as particular coordinates of the moduli spaces of the N = 2, d = 5 non-
BPS solutions of the magic models JO3 , J
H
3 , J
C
3 and J
R
3 , which respectively are
F4(−20)
SO(9)
,
USp(4,2)
USp(4)×USp(2)
, SU(2,1)
SU(2)×U(1)
and SL(2,R)
SO(2)
(see Table 4 of [36]). It is worth pointing out that,
with the exception of JO3 , all such spaces can be obtained as consistent truncations of
the N = 8, d = 5 BPS attractor moduli space
F4(4)
USp(6)×USp(2)
(quaternionic Ka¨hler), by
performing an analysis which is the d = 5 counterpart of the d = 4 analysis exploited in
[33]. Since for JC3 and J
R
3 the N = 8 −→ N = 2 reduction preserves nH = 1 and nH = 2
hypermultiplets respectively, the following inclusions must hold:
JC3 : F4(4) ⊃ (SU (2, 1))2 =⇒
F4(4)
USp(6)× USp(2) ⊃
SU(2, 1)
SU(2)× U(1) ×
SU(2, 1)
SU(2)× U(1) ;
(3.2.1.15)
JR3 : F4(4) ⊃ SL (2,R)×G2(2) =⇒
F4(4)
USp(6)× USp(2) ⊃
SL(2,R)
SO(2)
× G2(2)
SO(4)
. (3.2.1.16)
The two group embeddings given by Eqs. (3.2.1.15) and (3.2.1.16) are discussed in
Appendix.
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On the other hand, the truncation generating JH3 implies
JH3 : F4(4) ⊃ USp (4, 2) =⇒
F4(4)
USp(6)× USp(2) ⊃
USp(4, 2)
USp(4)× USp(2) . (3.2.1.17)
In this case, the 42 of USp (8) decomposes along USp (6)× USp (2) as 42 −→ (14, 1)⊕
(14′, 2). The 14 and 14′ of USp (6) further decompose with respect to USp (4)×USp (2)
(maximal compact subgroup of the stabilizer USp (4, 2) of the non-BPS orbit) as follows:
14 −→ (1, 1)⊕ (5, 1)⊕ (4, 2) ;
14′−→ (5, 2)⊕ (4, 1) .
(3.2.1.18)
Thus, the decomposition of the (14, 1) and (14′, 2) of USp (6)×USp (2) with respect to
USp (4)× USp (2)× USp (2) read:
massive : (14, 1)−→ (1, 1, 1)⊕ (5, 1, 1)⊕ (4, 2, 1) ;
massless : (14′, 2)−→ (5, 2, 2)⊕ (4, 1, 2) .
(3.2.1.19)
Since in the non-BPS case the N = 2 R-symmetry is the USp (2) ∼ SU(2) inside
USp (6) (i.e. the first USp (2) in the decomposition (3.2.1.19)) one obtains 8 massive and
20 massless hypermultiplets’ degrees of freedom, and 6 massive and 8 massless vectors’
degrees of freedom. Notice that, since in the BPS case the N = 2 R-symmetry is the
USp (2) ∼ SU(2) commuting with USp (6) (i.e. the second USp (2) in the decomposition
(3.2.1.19)), the non-BPS case differs from the BPS case only by an exchange of the (4, 2, 1)
representation with the (4, 1, 2) one.
4 Purely five dimensional analysis of attractors in
N-extended theories
For any extended supergravity in five dimensions the BH potential enjoys the general
expression in terms of the dressed charges [55, 56]:
V (φ, q) =
1
2
ZABZ
AB +X2 + ZIZ
I (4.1)
where ZAB (A,B = 1, · · ·N) are the antisymmetric, Sp(N)-traceless graviphoton central
charges, X the trace part while ZI (I = 1, · · · , n) denote the matter charges (which only
appear for N ≤ 4 theories). For all the models with a scalar sector spanning a symmetric
space, the dressed charges obey some known differential relations in moduli space which
allow to explicitly find the attractor condition as an extremum for the scalar potential in
moduli space:
∂V
∂φi
= 0 . (4.2)
We are going to study in the following the BPS and non-BPS attractors for the various
cases.
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4.1 N = 8, d = 5 and (2, 2), d = 6
The scalar manifold is the coset
G/H =
E6(6)
Sp(8)
. (4.1.1)
and the BH potential takes the form:
V =
1
2
ZABZ
AB . (4.1.2)
The differential relations among the 27 central charges ZAB (satisfying ZAB Ω
AB = 0),
are:
∇ZAB = 1
2
ZCDPABCD , (4.1.3)
where the vielbein PABCD = PABCD,idφ
i satisfies the conditions
PABCD = P [ABCD] , PABCDΩAB = 0 . (4.1.4)
The extremum condition is then
∇V = ZAB∇ZAB = 1
2
PABCDZABZCD = 0. (4.1.5)
To explicitly find the solution, it is convenient to put the central-charge matrix in normal
form:
ZAB =

e1 0 0 0
0 e2 0 0
0 0 e3 0
0 0 0 −e1 − e2 − e3
⊗ ( 0 1−1 0
)
, (4.1.6)
and to truncate the theory to the “charged” submanifold spanned by the vielbein com-
ponents that couple to the dressed charge in normal form, that is:
P1 ≡ P1234 = P5678 , P2 ≡ P1256 = P3478
while P3456 = P1278 = −P1 − P2 . (4.1.7)
In this way, the covariant derivatives of the charges (4.1.3) become:
∇e1 = (e1 + 2e2 + e3)P1 + (e1 + e2 + 2e3)P2
∇e2 = (e1 − e3)P1 + (−e1 − e2 − 2e3)P2
∇e3 = (−e1 − 2e2 − e3)P1 + (e1 − e2)P2 . (4.1.8)
Using these relations, the extremum condition of V becomes
∇V = 4 {P1(e1 − e3)(e1 + 2e2 + e3) + P2(e1 − e2)(e1 + e2 + 2e3)} = 0. (4.1.9)
It admits only one solution with finite area, which breaks the symmetry Sp(8)→ Sp(2)×
Sp(6). Up to Sp(6) rotations it is:
e2 = e3 = −1
3
e1 ; Vextr =
4
3
e21 =
4
3
M2extr . (4.1.10)
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This is a BPS attractor, supported by the unique BPS orbit [49]
E6(6)
F4(4)
, and the maximum
amount of supersymmetry preserved by the solution at the horizon is 1/4 (N = 8→ N =
2).
As mentioned above, the two vielbein-components P1 and P2 span the submanifold
of the moduli space which couples to the proper values of the central charge. This
automatically projects out, in the N = 2 reduced theory, the 28 scalar degrees of freedom
corresponding to the hypermultiplets.
The Hessian matrix reads
Hij ≡ ∇i∇jV = 1
4
PABLMP
CDLMZABZCD. (4.1.11)
To have the complete spectrum of massive plus flat directions, we have to consider in
(4.1.11) the complete vielbein PABCD. On the solution, where Sp(8) → Sp(2) × Sp(6)
(A→ (α, a), α = 1, 2, a = 1, · · · , 6), the vielbein degrees of freedom decompose as
42 → (14, 1) + (14′, 2)
PABCD → Pαβab + Pαabc (4.1.12)
where Pαβab = ǫαβPab (satisfying PabΩ
ab = 0) is the vielbein of the SU
∗(6)
Sp(6)
N = 2 vector
multiplet sigma model, while Pαabc (satisfying PαabcΩ
ab = 0) spans the N = 2 hyperscalar
sector. Note that, at the horizon, from (4.1.6) and (4.1.10) we find, for the central charge
in normal form:
ZAB → (Zab = eΩab ; Zαβ = −3 e ǫαβ) (4.1.13)
The Hessian matrix (4.1.11) is then:
Hij =
1
4
(
PabLMZ
ab + PαβLMZ
αβ
) (
P cdLMZcd + P
γδLMZγδ
)
= 9e2PLM,iP
LM
,j . (4.1.14)
The hyperscalar vielbein Pαabc do not appear in (4.1.14) so that the corresponding direc-
tions do not acquire a mass. The moduli space of the solution is then [36]
F4(4)
USp(6)⊗USp(2)
.
The N = 8, d = 5 theory has an uplift to (2, 2), d = 6 supergravity, whose scalar
manifold is SO(5,5)
SO(5)×SO(5)
[50]. In such a theory, the unique orbit with non-vanishing area is
the 1
4
-BPS orbit SO(5,5)
SO(5,4)
[67], specified by an SO (5, 5) charge vector eΛ with non-vanishing
norm eΛe
Λ 6= 0. The corresponding moduli space of 1
4
-BPS attractors is SO(5,4)
SO(5)×SO(4)
, and
it is indeed contained [66] in the N = 8, d = 5 1
8
-BPS moduli space
F4(4)
USp(6)×USp(2)
,
as implied by our analysis. Note that the two non-compact forms of F4 which occur
in N = 2 and N = 8, d = 5 supergravities precisely contain the two non-compact
forms of SO (9) present in the corresponding moduli spaces [66]: F4(−20) ⊃ SO (1, 8) and
F4(4) ⊃ SO (5, 4).
4.2 N = 6 (N = 2, JH3 )
The scalar manifold is the coset
G/H =
SU∗(6)
USp(6)
, (4.2.1)
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the BH potential takes the form:
V =
1
2
ZABZ
AB +
1
3
X2 , (4.2.2)
and the differential relations among the 14+1 central charges ZAB (satisfying ZAB Ω
AB =
0) and X , are:
∇ZAB = ΩCDZC[APB]D + 1
6
ΩABZCDP
CD +
1
3
XPAB
∇X = 1
2
ZABP
AB , (4.2.3)
where PAB = PAB,idφ
i is the Ω-traceless vielbein of G/H satisfying the conditions
PAB = P [AB] , PABΩAB = 0 . (4.2.4)
To study the attractors, it is convenient to put the central-charge matrix in normal form:
ZAB =
e1 0 00 e2 0
0 0 −e1 − e2
⊗ ( 0 1−1 0
)
, (4.2.5)
so that the BH potential takes the form
V = e21 + e
2
2 + (e1 + e2)
2 +
1
3
X2 . (4.2.6)
The vielbein components that couple to the dressed charges in normal form are:
P1 ≡ P12 , P2 ≡ P34
while P56 = −P1 − P2 . (4.2.7)
In this way, the covariant derivatives of the charges (4.2.3) become:
∇e1 = 1
3
(−e1 + e2 +X)P1 + 1
3
(e1 + 2e2)P2
∇e2 = 1
3
(2e1 + e2)P1 +
1
3
(e1 − e2 +X)P2
∇X = (2e1 + e2)P1 + (e1 + 2e2)P2 . (4.2.8)
Using these relations, the extremum condition of V becomes
∇V = 2
3
XZABP
AB + ΩCDZCAZ
ABPBD
= 2
{
P1(2e1 + e2)(e2 +
2
3
X) + P2(e1 + 2e2)(e1 +
2
3
X)
}
= 0 (4.2.9)
Two inequivalent solutions with finite area are there:
1. e1 = e2 = −23X , giving for the Bekenstein–Hawking entropy Vextr = 3X2.
This is the N = 6 1/6-BPS solution and breaks the symmetry of the theory to
Sp(4)× Sp(2).
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2. e1 = e2 = 0, with Bekenstein–Hawking entropy Vextr =
1
3
X2.
It is a non-BPS attractor of the N = 6 theory, and leaves all the Sp(6) symmetry
of the theory unbroken.
Since the bosonic sector of this theory coincides with the one of an N = 2 theory based
on the same coset space [49], these are also the attractor solutions of the corresponding
N = 2 model. In the N = 2 version, however, the interpretation of the attractor solutions
as BPS and non-BPS are interchanged.
To study the stability of the solutions, let us consider the Hessian matrix
Hij ≡ ∇i∇jV
= PABPCD
[
ZACZBD +
2
9
X2ΩACΩBD − 4
3
XZACΩBD +
+ZALZLMΩ
BCΩMD
]
= PABPCD
(
ZAC − 1
3
XΩAC
)(
ZBD − 1
3
XΩBD
)
+
−PABPDB
(
ZAC − 1
3
XΩAC
)(
ZCD − 1
3
XΩCD
)
(4.2.10)
and evaluate it on the two extrema. In the first case (BPS N = 6, non-BPS N = 2) the
solution breaks the symmetry to Sp(4) × Sp(2), (A → (α, a), α = 1, 2, a = 1, · · · , 4),
since at the horizon we find, for the central charge in normal form:
ZAB → (Zab = −2
3
X Ωab ; Zαβ =
4
3
X ǫαβ) , (4.2.11)
so that
ZAB − 1
3
XΩAB →
{
Zab − 13XΩab = −X Ωab
Zαβ − 13Xǫαβ = X ǫαβ .
(4.2.12)
Corresponding to the group decomposition of the degrees of freedom:
14 → (5, 1) + (1, 1) + (4, 2)
PAB → (Pab; P ; Paα) , (4.2.13)
the scalar vielbein decomposes as
PAB →

ǫαβP
Pαa ≡ −Paα
Pab − 12ΩabP
(4.2.14)
where Pab is the
SO(1,5)
SO(5)
vielbein, satisfying PabΩ
ab = 0.
On the solution, the Hessian matrix (4.2.10) is then:
Hij = 2X
2
(
P abPab + 3P
2
)
. (4.2.15)
As expected, the directions corresponding to the scalars in the (4, 2) of Sp(4,2)
Sp(4)×Sp(2)
are
flat. When the theory is interpreted as an N = 6 one, this is the BPS solution whose
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states, regarded as N = 2 BPS multiplets, have flat directions corresponding to the
hyperscalar sector. On the other hand, in the N = 2 interpretation this is instead the
non-BPS solution, and now the flat directions correspond to degrees of freedom in the
vector multiplets’ moduli space.
The second solution (non-BPS N = 6, BPS N = 2) leaves all the Sp(6) symmetry
unbroken since the horizon value of the central charge matrix in normal form is now:
ZAB → 0 . (4.2.16)
Now the vielbein degrees of freedom do not decompose at all
14 → 14
PAB → PAB (4.2.17)
and correspondingly all the scalar degrees of freedom become massive.
Let us end this section by writing the quantities used here in the N = 2 formalism
adopted in subsubsection 3.2.1. In this case the rigid index a labelling the tangent space
directions are replaced by the antisymmetric traceless couple [AB] (recall that we use the
convention that any summation over an antisymetrized couple always requires a factor
1/2) :
TA1A2,B1B2,C1C2 = 2
√
3
2
(
ΩA1B1 ΩB2C1 ΩC2A1 −
1
6
ΩA1A2 ΩB1C1 ΩB2C2−
−1
6
ΩB1B2 ΩA1C1 ΩA2C2 −
1
6
ΩC1C2 ΩB1A1 ΩB2A2 +
1
18
ΩA1A2 ΩB1B2 ΩC1C2
)
;
gA1A2,B1B2 = ΩB1A1 ΩB2A2 −
1
6
ΩA1A2 ΩB1B2 ,
(4.2.18)
where antisymmetrization in the couples (A1, A2), (B1, B2), (C1, C2) is understood. As
far as the central charges are concerned, we have the following correspondence:
Z =
1√
3
X ; P aZa =
1
2
√
3
PAB ZAB . (4.2.19)
4.3 N = 4, d = 5 and (2, 0), d = 6
The scalar manifold is the coset
G/H = O(1, 1)× SO(5, n)
Sp(4)× SO(n) , (4.3.1)
spanned by the vielbein dσ, PIAB (A,B = 1, · · · , 4, I = 1, · · · , n), where dσ = ∂iσdφi
is the vielbein of the O(1, 1) factor while PIAB = PIAB,idφ
i is the Ω-traceless vielbein of
SO(5,n)
Sp(4)×SO(n)
satisfying the conditions
PIAB = PI[AB] , P
IABΩAB = 0 . (4.3.2)
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The bare electric charges are a SO(5, n)-singlet e0 and a SO(5, n)-vector eΛ (the weight
with respect to SO(1, 1) is +2 for e0 and −1 for eΛ).
The BH potential reads:
V =
1
2
ZABZ
AB + 4X2 + ZIZ
I , (4.3.3)
and the differential relations among the 5 central charges ZAB (satisfying ZAB Ω
AB = 0),
the singlet X and the n matter charges ZI are [55]:
∇ZAB = ZIPIAB − ZABdσ; (4.3.4)
∇X = 2Xdσ; (4.3.5)
∇ZI = 1
2
ZABPIAB − ZIdσ , (4.3.6)
yielding
∇V = 2PIAB
(
ZABZI
)
+ 2dσ
(
8X2 − 1
2
ZABZ
AB − ZIZI
)
. (4.3.7)
The central charge matrix may be put in normal form:
ZAB =
(
e1 0
0 −e1
)
⊗
(
0 1
−1 0
)
, (4.3.8)
so that the BH potential takes the form
V = 2e21 + 4X
2 + ZIZ
I , (4.3.9)
and the differential relations among the dressed charges become (dσ and PI ≡ PI12 =
−PI34 are the components of the scalar vielbein coupling to the charges in normal form):
∇e1 = ZIPI − e1dσ (4.3.10)
∇X = 2Xdσ (4.3.11)
∇ZI = 2e1PI − ZIdσ . (4.3.12)
Then the extremization of the BH potential takes the form
∇V = 8PI
(
e1Z
I
)
+ 2dσ
(
8X2 − 2e21 − ZIZI
)
= 0 . (4.3.13)
Two inequivalent solutions with finite area are there:
1. ZI = 0 ; e1 = 2X .
This is the N = 4 1/4-BPS solution and breaks the Sp(4) R-symmetry of the
theory to Sp(2)× Sp(2), leaving the SO(n) symmetry unbroken. It corresponds to
an SO(5,n)
SO(4,n)
orbit of the charge vector.
2. ZAB = 0 ; ZIZ
I = 8X2.
It is a non-BPS attractor of the N = 4 theory, corresponding to choose the vector
ZI to point in a given direction, say 1, in the space of charges: ZI = 2
√
2δ1I . This
solution breaks the symmetry of the theory to Sp(4)×SO(n− 1), and corresponds
to an SO(5,n)
SO(5,n−1)
orbit of the charge vector.
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In both cases the Bekenstein–Hawking entropy turns out to satisfy [55]
S
(5)
BH = (V |extr)3/4 =
√
|e0eΛeΛ|. (4.3.14)
To study the stability of the solutions, let us consider the Hessian matrix
Hij ≡ 1
4
∇i∇jV (4.3.15)
= P IAB,i PJCD,j
(
1
4
ZABZ
CDδIJ +
1
2
ZIZJδ
CD
AB
)
+
−2P IAB,(i ∂j)σZABZI + ∂iσ∂jσ
(
1
2
ZABZ
AB + ZIZ
I + 16X2
)
(4.3.16)
and evaluate it on the two extrema.
On the BPS attractor solution, the R-symmetry Sp(4) is broken to Sp(2) × Sp(2)
(A→ (αα˜)) and the dressed charges in normal form become
ZAB → 2X
(
ǫαβ 0
0 −ǫα˜β˜
)
, ZI → 0 . (4.3.17)
Correspondingly, the vielbein P IAB decomposes to (P Iǫαβ ,−P Iǫα˜β˜, P Iαα˜) where P I and
P Iαα˜ are the vielbein of the submanifold SO(1,n)
SO(n)
(spanning N = 2 vector multiplets) and
SO(4,n)
Sp(2)×Sp(2)×SO(n)
(spanning N = 2 hypermultiplets) respectively. Since on the solution
1
2
ZABP
IAB → 4XP I , the Hessian matrix (4.3.15) then becomes:
Hij = 8X
2
(
2P I,iPI,j + 3∂iσ∂jσ
)
(4.3.18)
showing that the 4n scalars parametrized by P Iαα˜, which correspond to N = 2 hyper-
multiplets, have massless Hessian modes.
On the other hand, the non-BPS solution breaks the symmetry SO(n) to SO(n− 1)
(I → 1, k; k = 1, · · ·n− 1) so that the vielbein PIAB decomposes into (P1AB, PkAB). The
Hessian matrix on the solution is:
Hij = 8X
2
(
1
2
P 1AB,i P1AB,j + 3∂iσ∂jσ
)
(4.3.19)
Note in particular that the 5(n− 1) scalars corresponding to the vielbein PkAB, spanning
the submanifold SO(5,n−1)
SO(5)×SO(n−1)
, are flat directions.
For the N = 4 theory it is easy to find a six dimensional uplift in terms of the IIB,
(2, 0) chiral d = 6 theory coupled to n tensor multiplets [50] (at least for the anomaly-
free case n = 21) on similar lines as performed in section 3. Indeed, similarly to the
dimensional reduction of the N = 2 theory coupled to tensor multiplets only, in the
dimensional reduction of the IIB theory from six to five dimensions the scalar con-
tent is incremented only by the KK-dilaton, which provides a O(1, 1) factor commuting
with the SO(5,n)
SO(5)×SO(n)
coset. Moreover, the vector content in the gravitational multiplet
is also incremented by one graviphoton (whose integral corresponds to the singlet charge
X). Since the KK-dilaton is stabilized on the attractor solutions, then the five dimen-
sional attractors are in one to one correspondence with the six dimensional ones: on the
BPS attractor there are 4n flat directions (corresponding to the quaternionic manifold
SO(4,n)
SO(4)×SO(n)
), while on the non-BPS solution there are 5(n− 1) flat directions (spanning
the coset SO(5)× SO(n− 1)).
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5 Anomaly free (1, 0), d = 6 supergravity with neutral
matter
In this section we comment on the constraints that an N = 2, d = 5 supergravity should
satisfy in order to be uplifted to an an anomaly-free N = (1, 0), d = 6 theory.
It is well known that in a (1, 0) supergravity with neutral matter the absence of the
gravitational anomaly demands a relation among the triple nT , nV , nH of possible matter
multiplets (tensor, vector and hyper multiplets, respectively), namely [68, 69]
nH − nV + 29nT = 273. (5.1)
Moreover, the consistency of the gauge invariance of tensor and (Abelian) vector
multiplets requires that the gauge vector current is conserved, i.e. [62, 51, 70, 71, 72]
d ∗Jα = ηΛΣC
Λ
αβC
Σ
γδF
β ∧ F γ ∧ F δ = 0, (5.2)
implying that (CΛαβ = C
Λ
(αβ))
ηΛΣC
Λ
(αβC
Σ
γδ) = 0. (5.3)
Such a condition holds true for all symmetric real special manifolds [52], with the ex-
ception of the sequence L (−1, P ), P > 0 (whose corresponding Ka¨hler and quater-
nionic sequences are not symmetric [73]). Disregarding such a sequence, among all ho-
mogeneous real special spaces (see e.g. the Table 2 of [52]) the symmetric spaces are
L (q, 0) = L (0, P ), q, P>0 (“ generic sequence”, extended to consider also the d = 5 up-
lift of the so-called d = 4 stu model), L (q, 1) for q = 1, 2, 4, 8 (magic supergravities over
JR3 , J
C
3 , J
H
3 and J
O
3 , respectively) and L (−1, 0) (the d = 5 uplift of the so-called d = 4
st2 model).
The condition (5.1) for the magic models respectively gives the following allowed
triples (nT , nV , nH) [51]:
JR3 : (2, 2, 217) ;
JC3 : (3, 4, 190) ;
JH3 : (5, 8, 136) ;
JO3 : (9, 16, 28) .
(5.4)
Notice that for the JO3 -based supergravity nH = 28, so its corresponding quaternionic
manifold could be identified with the exceptional quaternionic Ka¨hler coset [74]
E8(−24)
E7×SU(2)
(which is the quaternionic reduction - or equivalently the hypermultiplets’ scalar manifold
- of the d = 4 JO3 -based supergravity [74, 52]).
On the other hand, for the “ generic sequence” there are two possible uplifts to d = 6,
depending whether one starts with L (q, 0) or L (0, P ). Indeed, starting from L (q, 0) the
condition (5.1) implies
nH = 244− 29q, (5.5)
which demands 0 6 q 6 8, whereas starting from L (0, P ) the same anomaly-free condi-
tion yields
nH = 244 + P, (5.6)
which always admits a solution.
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The (1, 0), d = 6 theory obtained by uplifting the real special symmetric sequence
L (q, 0) has nV = 0 and nT = q + 1, and thus 1 6 nT 6 9. On the other hand, the
anomaly-free (1, 0), d = 6 uplift of the real special symmetric sequence L (0, P ) has
nT = 1 and nV arbitrary, thus it may be obtained from the standard compactification of
heterotic superstrings on K3 manifolds (see e.g. [75]).
The model L (−1, 0) admits an anomaly-free uplift to d = 6, having nV = nT = 0 and
nH = 273.
All other homogeneous non-symmetric real special spaces do not fulfill the condition
(5.2)-(5.3) in presence of only neutral matter, so they seemingly have a d = 6 uplift to
(1, 0) supergravity which is not anomaly-free, unless they are embedded in a model where
a non-trivial gauge group is present, with charged matter [76, 77].
6 Conclusion
There are three theories with eight supercharges which admit black hole/black string
attractors, namely N = 2 supergravity in d = 4, 5, 6 dimensions. For symmetric special
geometries, the entropy is respectively given by the quartic, cubic and quadratic invariant
of the corresponding U -duality group in the three diverse dimensions. In this paper
we extend previous work [40] on the investigation of the BPS and non-BPS attractor
equations of such theories, by relating them as well as the corresponding moduli spaces
of (non-BPS) critical points.
Furthermore, we related the moduli space of the N = 8, d = 5 BPS unique orbit to
the moduli space of N = 2, d = 5 non-BPS orbit for all magic supergravities, as well
as for the “ generic sequence” of real special symmetric spaces. This latter is directly
related to the d = 6 tensor multiplets’ non-BPS moduli space, which describes a neutral
dyonic superstring in d = 6.
We also considered N = 4, d = 5 supergravity, and related its 1
4
-BPS and non-BPS
attractors to the ones of (2, 0), d = 6 theory. Also in this case the moduli space of
non-BPS attractors is spanned by the d = 6 non-BPS flat directions, studied in [50].
We stress that our analysis is purely classical and it does not deal with quantum
corrections to the entropy, so it should apply only to the so-called “large” black objects.
We leave the study of the quantum regime to future work.
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Appendix : Relevant Embeddings
Let us first fix the notations to be used in the this appendix. If α is a root of a complex
Lie algebra g, the normalizations of the corresponding non-compact Cartan generator Hα
and of the shift generators E±α will be defined as follows [78]:
Hα =
2
(α · α) α
iHi ; (Hi, Hj) = δij ,
E−α = (Eα)
† ; (Eα, E−α) =
2
(α · α) , (A.1)
where (·, ·) is the Killing form. The above normalizations imply the following commuta-
tion relations
[Hα, Eβ] = 〈β, α〉Eβ ; [Eα, E−α] = Hα ,
〈β, α〉 = 2
(α · α) β · α . (A.2)
JC3 , d = 5 : the SU(2, 1)
2 ⊂ F4(4) embedding
The simple roots of the sl(3,C)2 subalgebra of f4 over C are defined in terms of the simple
roots of the latter αk (k = 1, . . . , 4, α1, α2 being long roots) as follows
a1 = α4 , a2 = α3 , b1 = α1 , b2 = α1 + 3α2 + 4α3 + 2α4 . (A.3)
The real form f4(4) contains an sl(2, R)
4 subalgebra defined by the following mutually
orthogonal roots:
a2 , b2 , c = α1 + α2 + α3 , d = α1 + α2 + 2α3 + 2α4 . (A.4)
We can define the roots of f4(4) using a Cartan subalgebra h0 generated by two non-
compact Ha2 , Hb2 and two compact iHc, iHd generators, the latter corresponding to the
so(2) generators inside sl(2, R)c ⊕ sl(2, R)d. In terms of the generators of h0, we can
choose a basis of Cartan generators for sl(3,C)2 to consist of Ha2 , Hb2 as well as of
Ha1 = −
1
2
(Ha2 + iHc − 2 iHd) , Hb1 = −
1
2
(Ha2 − iHc − iHd) . (A.5)
These generators define the Cartan subalgebra of an su(2, 1)2 subalgebra of f4(4). Indeed
one can verify that the sl(3,C)2 root system defined by the simultaneous eigenvalues of
the h0 generators, is stable with respect to the conjugation σ relative to f4(4), namely that
aσ2 = a2 ; a
σ
1 = −(a1 + a2) ; bσ2 = b2 ; bσ1 = −(b1 + b2) . (A.6)
The su(2, 1)2 generators are thus defined by σ–invariant combinations of the sl(3,C)2
shift generators. The fact that this construction defines an su(2, 1)2 subalgebra of f4(4)
and not an sl(3,R)2 algebra is proven by the existence in each factor of a compact Cartan
subalgebra, defined by the generators {Ea2 −E−a2 , i (Hc− 2Hd)} for the first factor and
{Eb2 − E−b2 , i (Hc +Hd)} for the second.
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JR3 , d = 5 : the SL(2,R)×G2(2) ⊂ F4(4) embedding
Denoting by a the sl(2,R) root and by b1, b2 the simple roots of g2(2), the SL(2,R)×G2(2)
generators can be written in terms of the F4(4) generators as follows:
Hb1 = Hα1+α2 +Hα4 ; Hb2 = Hα2+2α3 = Hα2 +Hα3 ; Eb1 = Eα1+α2 + Eα4 ,
Eb2 = Eα2+2α3 ; Eb1+b2 = −Eα1+2α2+2α3 + Eα2+2α3+α4 ,
E2b1+b2 = −Eα1+2α2+2α3+α4 + Eα2+2α3+2α4 ; E3b1+b2 = −Eα1+2α2+2α3+2α4 ,
E3b1+2b2 = Eα1+3α2+4α3+2α4 ,
Ha = 2 (Hα3+α4 +Hα1+α2+α3) ; Ea =
√
2 (Eα3+α4 + Eα1+α2+α3) . (A.7)
Matrix representation of f4 generators
For the sake of completeness, let us give below an explicit realization of the generators
Hαi , Eαi and f4, in the fundamental representation.
f4 generators:
Hα1 = diag(−1, 1, 0, 0, 0, 0, 0, 0, 0,−1, 0, 0, 0,−1, 1,−1,−1, 1, 1, 1, 0,−1, 1, 0, 0, 0, 0) ,
Hα2 = diag(0, 0, 1,−1, 0, 0, 0, 1, 1,−1,−1, 0, 0, 0, 0, 1, 1,−1,−1, 0, 0, 0, 1,−1, 0, 0) ,
Hα3 = diag(0, 1,−1, 1,−1, 1, 0,−1, 0, 1, 2,−1, 0, 0, 1,−2,−1, 0, 1, 0,−1, 1,−1, 1,−1, 0) ,
Hα4 = diag(1,−1, 0, 0, 1, 0,−1, 1,−1, 1,−1, 2, 0, 0,−2, 1,−1, 1,−1, 1, 0,−1, 0, 0, 1,−1) ,
Eα1 = I4,6 + I5,8 + I7,9 + I18,20 + I19,22 + I21,23 ,
Eα2 = I3,4 + I8,10 + I9,11 + I16,18 + I17,19 + I23,24 ,
Eα3 = I2,3 + I4,5 + I6,8 + I10,12 + c1 I11,13 + c2 I11,14 + c1 I13,16 + c2 I14,16 + I15,17 + I19,21 +
+I22,23 + I24,25 ,
Eα4 = I1,2 − I5,7 − I8,9 − I10,11 + c2 I12,13 + c1 I12,14 + c2 I13,15 + c1 I14,15 − I16,17 − I18,19 −
−I20,22 + I25,26 , (A.8)
where c1 = (1 +
√
3)/2, c2 = (1 −
√
3)/2 and (II,J)KL = δIK δJL. The Killing form is
(M1,M2) =
1
6
Tr(M1M2).
References
[1] S. Ferrara, R. Kallosh and A. Strominger, N= 2 Extremal Black Holes, Phys. Rev.
D52, 5412 (1995), hep-th/9508072.
[2] A. Strominger, Macroscopic Entropy of N= 2 Extremal Black Holes, Phys. Lett.
B383, 39 (1996), hep-th/9602111.
[3] S. Ferrara and R. Kallosh, Supersymmetry and Attractors, Phys. Rev. D54, 1514
(1996), hep-th/9602136.
[4] S. Ferrara and R. Kallosh, Universality of Supersymmetric Attractors, Phys. Rev.
D54, 1525 (1996), hep-th/9603090.
22
[5] S. Ferrara, G. W. Gibbons and R. Kallosh, Black Holes and Critical Points in Moduli
Space, Nucl. Phys. B500, 75 (1997), hep-th/9702103.
[6] A. Sen, Black Hole Entropy Function and the Attractor Mechanism in Higher Deriva-
tive Gravity, JHEP 09, 038 (2005), hep-th/0506177.
[7] K. Goldstein, N. Iizuka, R. P. Jena and S. P. Trivedi, Non-Supersymmetric Attrac-
tors, Phys. Rev. D72, 124021 (2005), hep-th/0507096.
[8] A. Sen, Entropy Function for Heterotic Black Holes, JHEP 03, 008 (2006),
hep-th/0508042.
[9] R. Kallosh, New Attractors, JHEP 0512, 022 (2005), hep-th/0510024.
[10] P. K. Tripathy and S. P. Trivedi, Non-Supersymmetric Attractors in String Theory,
JHEP 0603, 022 (2006), hep-th/0511117.
[11] A. Giryavets, New Attractors and Area Codes, JHEP 0603, 020 (2006),
hep-th/0511215.
[12] K. Goldstein, R. P. Jena, G. Mandal and S. P. Trivedi, A C-Function for Non-
Supersymmetric Attractors, JHEP 0602, 053 (2006), hep-th/0512138.
[13] M. Alishahiha and H. Ebrahim, Non-supersymmetric attractors and entropy func-
tion, JHEP 0603, 003 (2006), hep-th/0601016.
[14] R. Kallosh, N. Sivanandam and M. Soroush, The Non-BPS Black Hole Attractor
Equation, JHEP 0603, 060 (2006), hep-th/0602005.
[15] B. Chandrasekhar, S. Parvizi, A. Tavanfar and H. Yavartanoo, Non-supersymmetric
attractors in R2 gravities, JHEP 0608, 004 (2006), hep-th/0602022.
[16] J. P. Hsu, A. Maloney and A. Tomasiello, Black Hole Attractors and Pure Spinors,
JHEP 0609, 048 (2006), hep-th/0602142.
[17] S. Bellucci, S. Ferrara and A. Marrani, On some properties of the Attractor Equa-
tions, Phys. Lett. B635, 172 (2006), hep-th/0602161.
[18] S. Bellucci, S. Ferrara and A. Marrani, Supersymmetric Mechanics. Vol.2: The At-
tractor Mechanism and Space-Time Singularities (LNP 701, Springer-Verlag, Hei-
delberg, 2006).
[19] S. Ferrara and R. Kallosh, On N= 8 attractors, Phys. Rev. D 73, 125005 (2006),
hep-th/0603247.
[20] M. Alishahiha and H. Ebrahim, New attractor, Entropy Function and Black Hole
Partition Function, JHEP 0611, 017 (2006), hep-th/0605279.
[21] S. Bellucci, S. Ferrara, M. Gu¨naydin and A. Marrani, Charge Orbits of Sym-
metric Special Geometries and Attractors, Int. J. Mod. Phys. A21, 5043 (2006),
hep-th/0606209.
23
[22] D. Astefanesei, K. Goldstein, R. P. Jena, A. Sen and S. P. Trivedi, Rotating Attrac-
tors, JHEP 0610, 058 (2006), hep-th/0606244.
[23] R. Kallosh, N. Sivanandam and M. Soroush, Exact Attractive non-BPS STU Black
Holes, Phys. Rev. D74, 065008 (2006), hep-th/0606263.
[24] P. Kaura and A. Misra, On the Existence of Non-Supersymmetric Black Hole Attrac-
tors for Two-Parameter Calabi-Yau’s and Attractor Equations, hep-th/0607132.
[25] G. L. Cardoso, V. Grass, D. Lu¨st and J. Perz, Extremal non-BPS Black Holes and
Entropy Extremization, JHEP 0609, 078 (2006), hep-th/0607202.
[26] S. Bellucci, S. Ferrara, A. Marrani and A. Yeranyan, Mirror Fermat Calabi-Yau
Threefolds and Landau-Ginzburg Black Hole Attractors, hep-th/0608091.
[27] G.L. Cardoso, B. de Wit and S. Mahapatra, Black hole entropy functions and at-
tractor equations, hep-th/0612225.
[28] R. D’Auria, S. Ferrara and M. Trigiante, Critical points of the Black-Hole potential
for homogeneous special geometries, hep-th/0701090.
[29] S. Bellucci, S. Ferrara and A. Marrani, Attractor Horizon Geometries of Extremal
Black Holes , Contribution to the Proceedings of the XVII SIGRAV Conference,4–7
September 2006, Turin, Italy, hep-th/0702019.
[30] A. Ceresole and G. Dall’Agata, Flow Equations for Non-BPS Extremal Black Holes,
JHEP 0703, 110 (2007), hep-th/0702088.
[31] L. Andrianopoli, R. D’Auria, S. Ferrara and M. Trigiante, Black Hole Attractors in
N= 1 Supergravity, hep-th/0703178.
[32] K. Saraikin and C. Vafa, Non-supersymmetric Black Holes and Topological Strings,
hep-th/0703214.
[33] S. Ferrara and A. Marrani, N= 8 non-BPS Attractors, Fixed Scalars and Magic
Supergravities, Nucl. Phys. B 2007, in press, ArXiV:0705.3866.
[34] S. Nampuri, P. K. Tripathy and S. P. Trivedi, On The Stability of Non-
Supersymmetric Attractors in String Theory, arXiv:0705.4554.
[35] L. Andrianopoli, R. D’Auria, E. Orazi, M. Trigiante, First Order Description of
Black Holes in Moduli Space, arXiv:0706.0712.
[36] S. Ferrara and A. Marrani, On the Moduli Space of non-BPS Attractors for N= 2
Symmetric Manifolds, Phys. Lett. B 2007, in press, ArXiV:0706.1667.
[37] D.Astefanesei and H. Yavartanoo, Stationary black holes and attractor mechanism,
arXiv:0706.1847.
[38] G. L. Cardoso, A. Ceresole, G. Dall’Agata, J. M. Oberreuter, J. Perz, First-order
flow equations for extremal black holes in very special geometry, ArXiV:0706.3373.
24
[39] A. Misra and P. Shukla, ’Area codes’, large volume (non-)perturbative alpha-prime
and instanton: Corrected non-supersymmetric (A)dS minimum, the ’inverse prob-
lem’ and ’fake superpotentials’ for multiple-singular-loci-two-parameter Calabi-Yau’s,
ArXiV:0707.0105.
[40] A. Ceresole, S. Ferrara and A. Marrani, 4d/5d Correspondence for the Black Hole Po-
tential and its Critical Points, Class. Quant. Grav. 2007, in press, ArXiV:0707.0964.
[41] M. M. Anber and D. Kastor, The Attractor mechanism in Gauss-Bonnet gravity,
arXiv:0707.1464.
[42] Y. S. Myung, Y.-W. Kim and Y.-J. Park, New attractor mechanism for spherically
symmetric extremal black holes, arXiv:0707.1933.
[43] S. Bellucci, A. Marrani, E. Orazi and A. Shcherbakov, Attractors with Vanishing
Central Charge, Phys. Lett. B 2007, in press, ArXiV:0707.2730.
[44] K. Hotta and T. Kubota, Exact Solutions and the Attractor Mechanism in Non-BPS
Black Holes, arXiv:0707.4554.
[45] X. Gao, Non-supersymmetric Attractors in Born-Infeld Black Holes with a Cosmo-
logical Constant, arXiv:0708.1226.
[46] S. Ferrara and A. Marrani, Black Hole Attractors in Extended Supergravity, to ap-
pear in the proceedings of 13th International Symposium on Particles, Strings and
Cosmology (PASCOS 07), London, England, 2-7 Jul 2007, arXiv:0708.1268.
[47] A. Sen, Black Hole Entropy Function, Attractors and Precision Counting of Mi-
crostates, arXiv:0708.1270.
[48] A. Belhaj, L.B. Drissi, E.H. Saidi and A. Segui, N= 2 Supersymmetric Black At-
tractors in Six and Seven Dimensions, arXiv:0709.0398.
[49] S. Ferrara and M. Gu¨naydin, Orbits and attractors for N= 2 Maxwell-Einstein su-
pergravity theories in five dimensions, Nucl. Phys. B759, 1 (2006), hep-th/0606108
⋄ S. Ferrara and M. Gu¨naydin, Orbits of exceptional groups, duality and BPS states
in string theory, Int. J. Mod. Phys. A13, 2075 (1998), hep-th/9708025.
[50] L. Andrianopoli, R. D’Auria, S. Ferrara and M.A. Lledo`, Horizon geometry, duality
and fixed scalars in six dimensions, Nucl. Phys. B528, 218 (1998), hep-th/9802147.
[51] L. Andrianopoli, S. Ferrara and M.A. Lledo`, No-scale d= 5 supergravity from Scherk-
Schwarz reduction of d= 6 theories, JHEP 0406, 018 (2004), hep-th/0406018.
[52] B. de Wit, F. Vanderseypen and A. Van Proeyen, Symmetry Structures of Special
Geometries, Nucl. Phys. B400, 463 (1993), hep-th/9210068.
[53] G. W. Gibbons and P. Townsend, Vacuum Interpolation in Supergravity via Super
p-Branes, Phys. Rev. Lett. 71, 3754 (1993), hep-th/9307049.
25
[54] F. Larsen, The Attractor Mechanism in Five Dimensions, to appear in the Proceed-
ings of the Winter School on Attractor Mechanism 2006 (SAM2006 ), 20–24 March
2006, INFN–LNF, Frascati, Italy, hep-th/0608191.
[55] L. Andrianopoli, R. D’Auria and S. Ferrara, Five-dimensional U duality, black hole
entropy and topological invariants, Phys. Lett. B411, 39 (1997), hep-th/9705024.
[56] L. Andrianopoli, R. D’Auria and S. Ferrara, U duality and central charges in various
dimensions revisited, Int. J. Mod. Phys. A13, 431 (1998), hep-th/9612105.
[57] L. Andrianopoli, R. D’Auria and S. Ferrara, Central extension of extended supergrav-
ities in diverse dimensions, Int. J. Mod. Phys. A12, 3759 (1997), hep-th/9608015.
[58] P.K. Townsend, P-brane democracy, in : PASCOS/Hopkins, 0271 (1995),
hep-th/9507048.
[59] L. J. Romans, Selfduality For Interacting Fields: Covariant Field Equations For
Six-Dimensional Chiral Supergravities, Nucl.Phys. B276, 71 (1986).
[60] A. Sagnotti, A Note on the Green-Schwarz mechanism in open string theories, Phys.
Lett. B294, 196 (1992), hep-th/9210127 ⋄ A. Sagnotti, in : Non-Perturbative Quan-
tum Field Theory, eds. G. Mack et al. (Pergamon Press, Oxford, 1988), p.521 ⋄ M.
Bianchi and A. Sagnotti, On the systematics of open string theories, Phys. Lett.
B247, 517 (1990) ⋄ M. Bianchi and A. Sagnotti, Twist symmetry and open string
Wilson lines, Nucl. Phys. B361, 519 (1991).
[61] M. Gu¨naydin, G. Sierra and P. K. Townsend, Exceptional Supergravity Theories and
the Magic Square, Phys. Lett. B133, 72 (1983) ⋄ M. Gu¨naydin, G. Sierra and P. K.
Townsend, The Geometry of N= 2 Maxwell-Einstein Supergravity and Jordan Alge-
bras, Nucl. Phys. B242, 244 (1984) ⋄ M. Gu¨naydin, G. Sierra and P. K. Townsend,
Gauging the d = 5 Maxwell-Einstein Supergravity Theories: More on Jordan Alge-
bras, Nucl. Phys. B253, 573 (1985) ⋄ M. Gu¨naydin, G. Sierra and P. K. Townsend,
More on d = 5 Maxwell-Einstein Supergravity: Symmetric Space and Kinks, Class.
Quant. Grav. 3, 763 (1986).
[62] S. Ferrara, R. Minasian and A. Sagnotti, Low-energy analysis of M and F theories
on Calabi-Yau threefolds, Nucl. Phys. B474, 323 (1996), hep-th/9604097.
[63] N. Seiberg and E. Witten, Comments on string dynamics in six-dimensions, Nucl.
Phys. B471, 121 (1996), hep-th/9603003.
[64] S. Ferrara and J. M. Maldacena, Branes, central charges and U -duality invariant
BPS conditions, Class. Quant. Grav. 15, 749 (1998), hep-th/9706097.
[65] S. Helgason, Differential Geometry, Lie Groups and Symmetric Spaces, American
Mathematical Society, 2001.
[66] R. Gilmore, Lie Groups, Lie Algebras, and Some of Their Applications (Dover Pub-
lications, 2006).
26
[67] H. Lu, C.N. Pope and K.S. Stelle, Multiplet structures of BPS solitons, Class. Quant.
Grav. 15, 537 (1998), hep-th/9708109.
[68] A. Salam and E. Sezgin, Anomaly freedom in chiral supergravities, Phys. Scripta 32,
283 (1985).
[69] S. Randjbar-Daemi, A. Salam, E. Sezgin and J. Strathdee, An anomaly free model
in six-dimensions, Phys. Lett. B151, 351 (1985).
[70] S. Ferrara, F. Riccioni and A. Sagnotti, Tensor and vector multiplets in six-
dimensional supergravity, Nucl. Phys. B519, 115 (1998), hep-th/9711059.
[71] F. Riccioni and A. Sagnotti, Consistent and covariant anomalies in six-dimensional
supergravity, Phys. Lett. B436, 298 (1998), hep-th/9806129.
[72] H. Nishino and E. Sezgin, New couplings of six-dimensional supergravity, Nucl. Phys.
B505, 497 (1997), hep-th/9703075.
[73] B. de Wit and A. Van Proeyen, Special geometry, cubic polynomials and homogeneous
quaternionic spaces, Commun. Math. Phys. 149, 307 (1992), hep-th/9112027.
[74] S. Cecotti , S. Ferrara and L. Girardello, Geometry of Type II Superstrings and the
Moduli of Superconformal Field Theories, Int. J. Mod. Phys. A4, 2475 (1989).
[75] M. B. Green, J. H. Schwarz and P. C. West, Anomaly Free Chiral Theories in Six-
Dimensions, Nucl. Phys. B254, 327 (1985). Also in : J. H. Schwarz (ed.), Super-
strings, Vol. 2, 1085; and in : A. Salam and E. Sezgin (eds.), Supergravities in diverse
dimensions, Vol. 2, 1161.
[76] C. Angelantonj and A. Sagnotti, Open strings, Phys. Rept. 371, 1 (2002), [Erratum-
ibid. 376, 339 (2003)], hep-th/0204089.
[77] I. Antoniadis, H. Partouche and T. R. Taylor, Lectures on heterotic-type I duality,
Nucl. Phys. Proc. Suppl. 61A, 58 (1998); Nucl. Phys. Proc. Suppl. 67, 3 (1998),
hep-th/9706211.
[78] R. Slansky, Group Theory For Unified Model Building, Phys. Rept. 79 (1981) 1.
27
